Cross Products: (@ x g)k = €;kQibj.
Helpful Integrals: [d*z = [ rdr [dQ, [dQ = [] sinfdf fo% do = 4m, [3° rhe~"/a dr = plalttn

Schrédinger Equation: ih%ﬂl) = ﬁ]\m w/ Hamiltonian H = % +V
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232, raising/lowering operators ay = m(mwi Fip), T =

Harmonic oscillator (1d): For H = % + smw?d?,

\/E(GJF - ) p B} Z\/@(GJF 7)’ [af’a+] = 17 -H = M(a+a7 + 1/2)7 E, = h(d(n‘}' 1/2)3 a+'¢n = \/mwnJrl,
atn = Viitn-1, dole) = (3) e HT
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Laplacian: V? = 8z2 + 8y2 + 8z2 (Cartesian), V2 = %aﬁ (7"2%) + m% (sin 9%) + i (8%2) (spherical).
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QM in 3D: Position operator & = (z,y, z) and momentum operator p = (pz, py,p-) in Cartesian coords. Position space
Dy = —iha%,py = —iha%,pz = —ih%, so p= —ihV and H = —%VQ + V. Commutators [z, p;| = [y, py] = [2,p:] = ih,
all other commutators of x,y, 2, pz, py, . are zero.

Spherically symmetric potentials: V(r) = V(r), eigenstates ¥y ¢ = Ry e(r)Y,"(0,¢), radial momentum p, =
—ih (g +7) and 57 = =5 5 (12 50).

Radial equation: H'gRg(r) = [% +V(r)+ % Ry(r) = EyRy(r).

Harmonic oscillator (3d): H = —|— Imw?72. Operator a, = \/mlrm(iﬁr + mwr — @); Hy = hw(d};&g +1+3/2).
ay raises £ by one and lowers Ej by hw while a} does the opposite. [ay, d};] = W +1.
Spherical Harmonics: Y;" (6, ¢) orthogonal in both ¢,m. Simplest harmonics:
1\ /2 3\ 1/2 3\ 1/2
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Yy = <4ﬂ_> Y = <47r> cos 6 Yi© =7F (87T> sin  e*1?

Hydrogen atom: V(r) = —4;260%, energies F, = —ﬁ = —R/n?, Rydberg constant R = 13.6 eV, Bohr radius
0
ap = 4;@ = 0.53 A, ground state wavefunction 11 o(r, 0, ¢) = ﬁe_’"/‘m, Operator a; = %(iﬁr + m - (Ztl)h);
0
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H, = (&zd (é}rl)g). ay raises £ by one while d}; does the opposite. [ay, dZ] = %(Hgﬂ — Hy).

Angular Momentum: [L;, L;] = ifie;jp L. L?|¢,m) = h20(¢ 4+ 1)[¢,m), L.|¢,m) = hm|¢,m).

Raising and lowering operators: Ly = L,+iL, for cigenstates of L? and L,. Then: Ly |¢,m) = hin/2(£ + 1 (m +1) ¢
and L_ |6, m) = ha/0(£ + 1) — m(m — 1) |¢,m — 1). In terms of these operators, L, = %(f/_}r +L_)and L, = (L+ L.).

]\//T]uj> where the |ug)’s are the basis vectors.
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Matrix operators: M;; = <uZ

5~ hfo01 5 _h
51_2(1 0) =3

Spin operators:



