Cross Products: (@ x g)k = €;kQibj.
Helpful Integrals: [d*z = [ rdr [dQ, [dQ = [] sinfdf fo% do = 4m, [3° rhe~"/a dr = plalttn

Schrédinger Equation: ih%ﬂl) = ﬁ]\m w/ Hamiltonian H = % +V

raising/lowering operators ay = \/ﬁ(mwi Fip), T =

\/E(GJF - ) p B} Z\/@(GJF 7)’ [af’a+] = 17 -H = M(a+a7 + 1/2)7 E, = h(d(n‘}' 1/2)3 a+'¢n = \/mwnJrl,
atn = Viitn-1, dole) = (3) e HT

Harmonic oscillator (1d): For H = % + smw?d?,

. . 2 .
Laplacian: V? = 8z2 + 8y2 + 8z2 (Cartesian), V2 = %aﬁ (7"2%) + m% (sin 9%) + i (8%2) (spherical).
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QM in 3D: Position operator & = (z,y, z) and momentum operator p = (pz, py,p-) in Cartesian coords. Position space
Dy = —iha%,py = —iha%,pz = —ih%, so p= —ihV and H = —%VQ + V. Commutators [z, p;| = [y, py] = [2,p:] = ih,
all other commutators of x,y, 2, pz, py, . are zero.

Spherically symmetric potentials: V(r) = V(r), eigenstates ¥y ¢ = Ry e(r)Y,"(0,¢), radial momentum p, =
—ih (g +7) and 57 = =5 5 (12 50).

Radial equation: H'gRg(r) = [% +V(r)+ % Ry(r) = EyRy(r).

Harmonic oscillator (3d): H = —|— Imw?72. Operator a, = \/mlrm(iﬁr + mwr — @); Hy = hw(d};&g +1+3/2).
ay raises £ by one and lowers Ej by hw while a} does the opposite. [ay, d};] = W +1.
Spherical Harmonics: Y;" (6, ¢) orthogonal in both ¢,m. Simplest harmonics:
1\ /2 3\ 1/2 3\ 1/2

Yy = <4ﬂ_> Y = <47r> cos 6 vitt = (87T> sin  e*1?

Hydrogen atom: V(r) = —4;260%, energies F, = —ﬁ = —R/n?, Rydberg constant R = 13.6 eV, Bohr radius
0
ap = 4;@ = 0.53 A, ground state wavefunction 11 o(r, 0, ¢) = ﬁe_’"/‘m, Operator a; = %(iﬁr + m - (Ztl)h);
0
2 ~ ~

H, = (&zd (é}rl)g). ay raises £ by one while d}; does the opposite. [ay, dZ] = %(Hgﬂ — Hy).

Angular Momentum: [L;, L;] = ifie;jp L. L?|¢,m) = h20(¢ 4+ 1)[¢,m), L.|¢,m) = hm|¢,m).

Raising and lowering operators: Ly=1L,+ if) for eigenstates of L? and L..
Then: Ly |[¢,m) = hy/€({+1) — (m—I—I) 12 m+1> and L_|0,m) = = /Ul +1)—m(m—1)[¢,m —1). In terms of
these operators, L, = %(ﬁ+ +L_) and Ly = —(L+ —L).

Matrix operators: M;; = <ul

5~ hfo01 5~ h{0 —i
Sﬂ‘*’_2<1 0) Sy‘z(z’ 0)

The three matrices above are the “Pauli matrices”: o, oy, and 0.

J/W\]u]> where the |ug)’s are the basis vectors.

Spin operators:

Representation of spin-1/2: Basis x4 = < (1) >7 X— = ( (1) ), operators S = (h/2)d



Isospin operators: I; = %ai where ¢ = 1,2, 3 or equivalently ¢ = x,y, 2.

Isospin doublets for nucleons, quarks, antiquarks:

D U —d
n d U
. A2
Coupling to electromagnetism: For a particle of charge ¢, H = 5~ (ﬁ — qA) + qp, where p'is the vector of momen-

tum operators (i.e. p'= (pz,py,D:)), A is the vector potential, ¢ is the scalar potential, in terms of which the electric

and magnetic fields are E = —Vp— 81/ Ot and B =V x A. Gauge transformations ¢’ = ¢ — 9N /0, A= A+ VA leave
the physics unchanged.

Free electron gas: Box of volume V = L,L,L.. States labeled by wavenumbers k= (ngm/Ly,nym/Ly,n.m/L), each
occupies k-space volume 73/V. Electrons in ground state fill out states to Fermi radius kp = (3p72)'/3 in terms of free

. ) 252 215 2(3.2 N g)5/3
electron density p = Nd/V. Energy of the Fermi surface Ep = 52:5 , total energy E;,; = ?Ofrgn‘i == (3’1’5;!2 V=23,
Work dW = PdV done by pressure implies degeneracy pressure P = %E{/‘”

Symmetries and Conservation Laws: Active transformation: act on states, |¢)) — T [¢), operators fixed. Passive

transformation: act on operators, O — TTOT), states fixed. Symmetry if [H, O] = 0, implies conservation laws 4 (0) = 0.

Transformations: Transformations unitary, Tt7T = 1. Translation operator T'(a) |z) = |z + a) , T(a)(x) = ¥ (z — a),
generated by momentum, T'(a) = exp [—iap/h]. Parity operator Il |x) = |—x), IIy(x) = (—x). Rotation operator
R(n,0) by 6 around axis 7, generated by angular momentum, R(7n,0) = exp [—z’&ﬁ . E/ h}. Time translation operator

U(t), generated by Hamiltonian, U(t) = exp[—iHt/h|. Eigenvalues of parity: +1. Continous symmetries: additive
conservation laws; Discrete symmetries: multiplicative conservation laws.

Clebsch-Gordan:

- . JJ
Note: A square-root sign is to be understood over every coefficient, e.g., for —8/15 read —/8/15.  Notation: N
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